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ABSTRACT 

A method is p resen ted  f o r  so lv ing  a c l a s s  of r a d i a t i o n  and d i f f r a c t i o n  

problems which have conven t iona l ly  been formula ted  i n  t e r m s  of t h e  Wiener- 

Hopf approach. The problem i s  formulated by r e p r e s e n t a t i n g  t h e  f i e l d s  i n  

t e r m s  of a modal expansion. The modal expansion f o r  t h e  f i e l d  i n  t h e  open 

r eg ions  i s  c h a r a c t e r i z e d  by continuous e igenva lues  and f o r  t h e  c losed  r e g i o n s  

t h e  f i e l d s  are r e p r e s e n t a t e d  i n  terms of t h e  d i s c r e t e  e igenvec to r s .  Matching 

of t h e  f i e l d s  t o  t h e  boundaries and a c r o s s  t h e  a p e r t u r e  r e s u l t s  i n  an equa t ion  

which is  so lved  by a technique  developed i n  t h i s  a r t i c l e .  The t echn ique  is 

an ex tens ion  of t h e  f u n c t i o n - t h e o r e t i c  method n e c e s s i t a t e d  by t h e  f i e l d  r ep re -  

s e n t a t i o n  i n  t h e  open r eg ions  inherent  i n  t h e  problems. The s o l u t i o n s  of a n  

open-ended p a r a l l e l  p l a t e  wavequide i s  used t o  demonst ra te  t h e  method. 

App l i ca t ions  t o  o t h e r  geometr ies  a re  i n d i c a t e d ,  
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1 i n t r o d u c t i o n  

The o b j e c t  o f  t h i s  paper i s  t o  d i scuss  a technique f o r  s o l v i n g  a c l a s s  

o f  r a d i a t i o n  and d i f f r a c t i o n  problems wh ich  have c o n v e n t i o n a l l y  been fo rmu la ted  

i n  terms o f  t h e  Wiener-Hopf technique.;k I n  essence, t h e  p r e s e n t  method i s  an 

e x t e n s i o n  o f  t h e  f u n c t i o n - t h e o r e t i c  technique in t roduced  by Whitehead [1951] 

f o r  s o l v i n g  an i n f i n i t e  se t  o f  equat ions assoc ia ted  w i t h  t h e  problem o f  d i f f r a c -  

t i o n  by an i n f i n i t e  s tack  o f  p e r i o d i c a l l y - s p a c e d  h a l f - p l a n e s .  Numerous o t h e r  

a u t h o r s  (see f o r  i ns tance ,  Hurd and Gruenberg [1954], M i t t r a  [1959],  Pace and 

M i t t r a  [1964] and K a r j a l a  and M i t t r a  119651) have demonstrated the  use fu lness  of ' 
the  method o f  f o r m u l a t i o n  i n  terms o f  an i n f i n i t e  set  o f  equa t ions  th rough  ap- 

p l i c a t i o n s  t o  a wide v a r i e t y  o f  problems. The geometr ies a s s o c i a t e d  w i t h  the  

above problems have t h e  common f e a t u r e  t h a t  i n  general  they a r e  r e l a t e d  t o ,  and 

a r e  m o d i f i c a t i o n s  o f ,  c e r t a i n  b a s i c  c o n f i g u r a t i o n s  which may be c l a s s i f i e d  as 

t h e  Wiener-Hopf type.  However, t o  da te  t h e  a p p l i c a t i o n  o f  t h e  f u n c t i o n - t h e o -  

r e t i c  technique has been c o n f i n e d  e i t h e r  t o  che c losed- reg ion  problems such as 

d i s c o n t i n u i t i e s  i n  a waveguide, o r  t o  c e r t a i n  open-region problems, wh ich  be- 

cause o f  t h e i r  p e r i o d i c  na tu re ,  may be r e l a t e d  t o  some e q u i v a l e n t  c losed- reg ion  

problem. Also,  p r e v i o u s  workers us ing  t h e  f u n c t i o n - t h e o r e t i c  approach have 

r e s t r i c t e d  themselves t o  geometries conforming t o  the Car tes ian  system o n l y .  I n  

c o n t r a s t ,  i t  i s  w e l l  known t h a t  the Wiener-Hopf technique i s  a p p l i c a b l e  t o  some 

s e m i - i n f i n i t e  geometr ies i n  the c y l i n d r i c a l  system and t o  a number o f  open- 

r e g  i on p rob 1 ems. 

-~ ~~~~ ~~~~ ~~ 

7: For  exhaus t i ve  d i s c u s s i o n  and n'umerous i 1 l u s t r a t i o n s o f  t h e  Wiener-Hopf tech- 
n i q u e  see Noble [1958]. 
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I n  t h i s  paper  we extend the  f u n c t i o n - t h e o r e t i c  approach t o  some 

a p e r i o d i c  open-region geometr ies.  To i l l u s t r a t e  the  technique,  t h e  problem 

o f  an open-ended p a r a l l e l  p l a n e  waveguide i s  cons idered i n  some d e t a i l .  Ap- 

p l i c a t i o n s  t o  o t h e r  geometr ies,  such as t h e  open-ended c i r c u l a r  waveguide o r  

t h e  r a d i a t i o n  from an open-ended inhomogeneous p a r a l l e l  p l a n e  waveguide a r e  

i n d i c a t e d . .  Some r e l a t e d  problems which may be regarded as  m o d i f i c a t i o n s  o f  

t h e  b a s i c  Wiener-Hopf geometry a r e  d iscussed b r i e f l y .  

2 R a d i a t i o n  from a P a r a l l e l  P l a t e  Waveguide 

2.1 Fo rmu la t i on  o f  t he  problem 

L e t  two p a r a l l e l  p l a t e s  a t  x = -b,  b, z < 0 form an open-ended wave- 

gu ide as shown i n  F i g .  1 .  

t -b 
0 

F i g .  1 .  Open-ended p a r a l l e l  p l a t e  waveguide 

The i n c i d e n t  f i e l d  i s  assumed t o  be the  TEM mode w i t h  the  magnet ic  

f i e l d  i n t e n s i t y  v e c t o r  p a r a l l e l  t o  t h e  w a l l s  o f  t h e  guide.  Since t h e  i n c i d e n t  

f i e l d  i s  independent o f  t h e  y -coo rd ina te  and t h e  e n t i r e  s t r u c t u r e  i s  u n i f o r m  



3 

w i t h  respec t  t o  the y - a x i s ,  the t o t a l  f i e l d  w i l l  a l s o  be independent o f  y .  

Therefore we w i s h  t o  s o l v e  t h e  two-dimensional  wave e q u a t i o n  f o r  t he  s c a l a r  

p o t e n t i a l  O 

(2.1) 

1 *q A l l  o f  t h e  f i e l d  q u a n t i t i e s  a r e  d e r i v a b l e  f rom ($ by l e t t i n g  H = $, E = -- 
Y x j w c  dz 

and EZ = - - ’  - 8’ . The f o  
j w c  ax 

a) 9 and VO a r e  

gu i de where 

l ow ing  boundary c o n d i t i o n s  a p p l y  on 9 :  

f i n i t e  i n  a l l  reg ions,  except a t  t h e  edge o f  t h e  

091 becomes i n f i n i t e  acco rd ing  t o  t h e  edge c o n d i t i o n  
1 

[Meixner, 19541 as r’T. 

b) O and ?#)/ax a r e  cont inuous across t h e  i n t e r f a c e  a t  z = 0 .  

c) ?#)/ax vanishes on t h e  w a l l s  o f  t h e  gu ide  a t  x = b and x = -b .  

d) Apar t  f rom t h e  i n c i d e n t  component, O s a t i s f i e s  t h e  a p p r o p r i a t e  

r a d i a t i o n  c o n d i t i o n  f o r  l a r g e  d i s t a n c e s  away f rom t h e  o r i g i n .  

e) 9 s a t i s f i e s  t h e  edge c o n d i t i o n  as t h e  edge o f  t h e  p l a t e  i s  ap- 
1 

proached, t h a t  i s ,  goes t o  ze ro  as rT. 

The space i n  wh ich  t h e  guide i s  immersed i s  d i v i d e d  i n t o  f o u r  reg ions  

f o r  convenience and a r e  des ignated as reg ions  A ,  6 ,  C, D as seen i n  F i g .  1 .  

The exp ress ions  f o r  9 wh ich  s a t i s f y  (2.1) and a r e  v a l i d  f o r  each r e g i o n  may be 

w r i t t e n  as 

(2.3) . 
t i me conv en t i on . ;k e - j w t  
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where .B i s  t h e  magnitude Q f . t h e  i n c i d e n t  H f i e l d .  

f rom ze ro  t o  i n f i n i t y  and pass ing  below t h e  branch p o i n t  a t  k 

C1 and C a r e  con tou rs  go ing  

0 '  

2 

i f  ko i s  r e a l .  

A1  so 

c 

7 t 

The branches o f  f3 7, T were chosen t o  g 
m' 

complex, then ko = kl  + j k 2 ,  where k 

g r e a t e r  than ze ro  and the  r e a l  p a r t s  o f  7 

con tou rs  o f  i n t e g r a t i o n  i f  t h e  branches a 

(2.8) h o l d .  Obvious ly  c o n d i t i o n s  (c) and 

equa t ions  (2.2) t o  (2.5) and d e f i n i t i o n s  

form used i n  equat ions (2.2) t o  (2.5) was 

1 '  k2 

ve o u t g o i n g  waves. That  i s ,  i f  ko i s  

> O .  A l s o  t h e  r e a l  p a r t  o f  f3, i s  

and T a r e  g r e a t e r  than ze ro  a l o n g  t h e  

e chosen so t h a t  (2.6),  (2.7) and 

(d) a r e  s a t i s f i e d  by  t h e  form o f  

(2 .6 ) '  (2.7) and ( 2 . 8 ) .  The symmetric 

d i c t a t e d  by  t h e  f a c t  t h a t  b o t h  t h e  

i n c i d e n t  9 and t h e  geometry a r e  symmetric about x = 0 .  
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Continuity of H and E at the interface requires that the following Y X 

equations hold at z = 0: 
(2.10) 

= J-c, 

and 

(2.11) 

(2.12) 

(2.14) 

The solutions of equations (2.10) to (2.15) for the unknown functions C(y), A(CX) 

and the infinite number of unknown coefficients B will yield a solution for 

the fields by insertion into equations (2.2) to (2.5). The solution of these 

unknowns i s  discussed next. 

2.2 Solution of Bm, A(ol) and C(y) 

m 

In order to solve for the unknowns, first eliminate the x variation 

from (2.10) through (2.15) by multiplying by&e iax and integrating from 
- 
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The above equa t ion  may be o b t a i n e d  by expanding $ i n  the  f o u r  reg ions  

A, B y  C y  and D ,  matching $ and 8/& a t  z = 0 and e l i m i n a t i n g  t h e  Am's. Here: 

C a r e  the c o e f f i c i e n t s  o f  t h e  normal modes i n  r e g i o n s  C and D. 
m 

I A m a r e  the c o e f f i c i e n t s  o f  t h e  normal modes i n  r e g i o n  A .  

-m t o  03. T h i s  g ives 

(2.16) 

(2.17) 

The Bm c o e f f i c i e n t s  may be o b t a i n e d  by f i r s t  e l i m i n a t i n g  A(a) from (2.16) and 

(2.17).  T h i s  i s  done by  m u l t i p l y i n g  (2.16) by  T and add ing  t o  (2.17) t o  g e t  

(2.18) 

I t  i s  i n t e r e s t i n g  t o  observe t h a t  f o r  t h e  c losed  s t r u c t u r e ,  t h a t  i s ,  

one i n  wh ich  t h e  waveguide i s  enc losed w i t h i n  a l a r g e r  waveguide as i n d i c a t e d  

i n  F i g u r e  2, t h e  corresponding e q u a t i o n  i s  

p=  0 ,  I ,  2 , - - - -  (2.19) 
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0 
A b 
x 
4 

(2.20) 

(2.21) 

-a 

F i g .  2. Coupled p a r a l l e l  p l a t e  waveguides 

Equat ion (2.18) may be regarded as a l i m i t i n g  case o f  (2.19) i n  t h e  

f o l l o w i n g  sense: as a, c approach i n f i n i t y ,  such t h a t  a - c = b i s  mainta ined,  

t h e  p r o p a g a t i o n  cons tan ts  7 and T approach a cont inuous spectrum and the  sum 
m P 

o f  t h e  normal 

w i t h  t h e  con t  

(2.18) as a 1 

modes becomes an i n t e g r a l  o v e r  a contour  wh ich  may be a s s o c i a t e d  

nuous v e r s i o n  o f  t h e  e igenvalue spectrum, Thus (2.19) approaches 

m i t i n g  case. 

To e x t r a c t  t h e  B c o e f f i c i e n t  f rom equa t ion  (2.18) ,  we s h a l l  employ 
m an extewion .f 

t h e  f u n c t i o n - t h e o r e t i c  method [Hurd and Gruenberg, op. c i t . ]  used i n  t h e  

coupled waveguide problem. 

A 

We se lec t  a f u n c t i o n  H(w) wh ich  has branch p o i n t s  

a t  Bo and i n f i n i t y ,  i s  a n a l y t i c  elsewhere except a t  s imp le  p o l e s  a t  w = 

w =-Bo, and goes t o  ze ro  a t  l e a s t  a s  f a s t  as I w I  

f u n c t i o n  may be ob ta ined  by reference t o  the  coupled waveguide problem as ex- 

and 
'm 

- V  , l w l  -+ 00, v > 0 .  T h i s  

- p l a i n e d  i n  s e c t i o n  3 .  
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Consider t h e  f o l l o w i n g  i n t e g r a l  

(2.22) 

where: H ( w )  = co Fib4 
(a q3) ( w +  (3.) ( m -  p., (2.23) 

-3/2 
H(w) -3 l w (  

a l l y  i n  the  lower h a l f  p l a n e .  

as I w I  + 03 i n  t he  upper h a l f  p l a n e  and decays exponent i -  

= unknown polynomia l  i n  w b u t  i s  equal t o  a cons tan t  i n  t h i s  case t o  s a t i s f y  
cO 

t h e  edge c o n d i t i o n ,  ( r e f e r  t o  s e c t i o n  3 ) ,  and 

(2.24)  

\ 

S = c losed  contour  chosen t o  enc lose the  p o l e s  a t  B m = 1,2, ..., and -Bo, t o  m '  

exc lude the  branch c u t  and t h e  p o i n t  ' r ,  and t o  c l o s e  i n  an i n f i n i t e  c i r c l e .  

The contour S i s  shown i n  F i g .  3. 
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5 = 5,1 5, 

F i g .  3. Contour of H(w) i n t e g r a t i o n  i n  equa t ion  (2.26) e 

Using t h e  above p r o p e r t i e s  o f  H(w) i n  (2.22), t h e r e  i s  ob ta ined  

e 

(2.26) 

The con tou r  S, i s  t h e  i n f i n i t e  c i r c l e  and hence t h e  f i r s t  term o f  (2.26) 

z e r o  because o f  t h e  asympto t i c  na tu re  of H ( w ) .  

around t h e  branch c u t  and indented around t h e  p o i n t  z. 

i s  

The contour  S i s  t h e  con tou r  2 

From (2.26) one d e r i v e s  

(2.27) 
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where r(B,) i s  the r e s i d u e  of H(w) eva lua ted  a t  w = B,. 

A comparison o f  (2.27) w i t h  (2.18) suggests t h a t  we s e t  

B = r (-Po) 

Bm = r(Bm) ; m = 0, 1 ,  2, ... 
Then 

(2.28) 

(2.29) 

(2.30) 

The unknown cons tan t  C i n  H(w) i s  ob ta ined  from (2.28) and g i v e s  
0 

S u b s t i t u t i n g  (2.31) i n  (2.23) and e v a l u a t i n g  (2.29) g i v e s  

B , = - B  I L ( - P 5  8,  R L P 4  
1 iu g o ,  p ,  R c - p . ,  

(2.31) 

(2.32) 

a0J 
b @ M  

(2.33) 
; w\= I ,  2,-. * - 2 p 0  B b e-=-- s( g-) 

4~ R(--Bo) z‘”I’( pyYI,p) 
Bhq = 

where ~ ‘ m ) ( f m , ~ ) i s  t h e  p r o d u c t  as d e f i n e d  i n  (2.24) b u t  w i t h  the  m-th term 

d e l e t e d .  

The f u n c t i o n  A(@ i s  o b t a i n e d  from (2.15) ‘and (2.16) by m u l t i p l y i n g  

(2.15) b y  T and s u b t r a c t i n g  (2.16) t o  o b t a i n  

(2.34) 

Again i n t e g r a t i n g  H(w) around a s u i t a b l e  con tou r  i n  the  w-plane which i n c l o s e s  

t h e  p o i n t s  P,,-P,, and t h i s  t ime  - T ,  we have 



1 1  

i s  a g a i n  zero,  we a r e  l e f t  w i t h  

s 1  

(2.36) 

A comparison o f  (2.36) w i t h  (2.34) and r e c a l l i n g  (2.28) , (2.29),  and (2.30) 

g i v e s  

so 

(2.37) 

(2.38) 

The remain ing unknown q u a n t i t y ,  v i z .  C(7)  i s  o b t a i n e d  b y  re fe rence  t o  

(2.30) wh ich  r e l a t e s  C(y) t o  H(w) . As a f i r s t  s tep one t rans fo rms  t h e  p a t h  o f  

i n t e g r a t i o n  i n  the  w p l a n e  so as t o  make i t  i d e n t i c a l  t o  t h e  p a t h  C,. T h i s  i s  

achieved i n  two 

where t h e  p a t h s  

L 

s teps  as f o l l o w s .  F i r s t  r e w r i t e  the  H(w) i n t e g r a l  as 

(2.39) 

+ 
S2 and Si r e f e r  t o  t h e  upper and lower p o r t i o n s  o f  t h e  branch 

c u t  i n t e g r a l  S2. 

pa ths ,  v i z . ,  H(w)Is ;  =e 

Using t h e  r e l a t i o n s h i p  between the  va lues  o f  H(w) on t h e  two 

, which i s  d e r i v a b l e  f rom t h e  known 
j b m k a  H(u)I 

S', 
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exp ress ion  of H(w),  one may o b t a i n  

Now in t roduce  a change i n  t h e  v a r i a b l e  o f  i n t e g r a t i o n * i n  t h e  r i g h t  

hand s i d e  o f  (2.40), acco rd ing  t o  

(2.41) JT:= Lh) 

T h i s  y i e l d s  t h e  desi r a b l e  form 

where 7 i s  g i ven  by  (2.7) .  

Comparing (2.30) and (2.42) one o b t a i n s  

(2.42) 

(2.43) 

A l l  t h e  unknownsare now determined and t h e  s o l u t i o n  o f  t he  problem i s  complete.  

l a t i o n  i n  wh ich  

resu 1 t i  ng equa t 

p loyed  by Hurd 

Be fo re  l e a v i n g  t h i s  d i s c u s s i o n  we s h a l l  ment ion an a l t e r n a t i v e  formu- 

one e l i m i n a t e s  t h e  unknowns B and C(y), r e t a i n i n g  A ( a )  i n  t h e  

ons. The e l i m i n a t i o n  procedure i s  v e r y  s i m i l a r  t o  t h e  one em- 

m 

ng t h a t  t h e  t rans fo rms  r a t h e r  

ve a r e  matched a t  t he  i n t e r -  

op. c i t . ] ,  t he  o n l y  d i f f e r e n c e  be 

than s e r i e s  r e p r e s e n t a t i o n s  f o r  9 and i t s  d e r i v a t  

f ace  o f  reg ions  A and C ( o r  D ) .  

The coupled i n t e g r a l  equa t ions  f o r  A (a) = A(a )as inba  a r e  g i v e n  by 
1 
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(2.45) 

Two r e l a t e d  equat ions  g i v i n g  B I s  and C(y) i n  terms o f  A(@ a r e  
rn 

(2.46) 

The s o l u t i o n  o f  t he  (2.44) and (2.45) may be accomplished by  con- 

s t r u c t i n g  a f u n c t i o n  H ' (w)  which i s  g i v e n  by  

(2.48) 

where the  q u a n t i t i e s  appear ing  i n  (2 .48)  a r e  t h e  same as d e f i n e d  b e f o r e  except  

fo r  t h e  cons tan t  C' which  i s  g i ven  by 

(2.49) 

The r e s u l t i n g  express ions fo r  t h e  unknowns C(y) and B I s ,  d e r i v e d  
m 

f rom t h e  use o f  f u n c t i o n - t h e o r e t i c  techn ique i n v o l v i n g  a complex i n t e g r a t i o n  i n  

t h e  w-plane a r e  g i v e n  by 

(2.50) 
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The f u n c t i o n  A(ol) may a l s o  be expressed i n  

5alc ,  iiianner C(y) was r e l a t e d  t o  H(w) iri t he  p r e v i o u s  

3 C o n s t r u c t i o n  of H(w) 

I n  t h e  p rev ious  sect 

a t l e  to o b t a i n  a f u n c t i o n  H(w) 

were < e t  f o r t h  i n  Sec t i on  2. 

4th- i v a t i  on of  H(w) . 

(2.51) 

terms o f  “ (w)  i n  t he  

d i s c u s s i o n .  

on t h e  s o l u t i o n  o f  (2.18) was based on b e i n g  

s a t i s f y i n g  c e r t a i n  s p e c i f i e d  c o n d i t i o n s  wh ich  

n the  following we d i s c u s s  a method f o r  t h e  

The i n s i g h t  f o r  c o n s t r u c t i n g  H(w) comes f rom t h e  procedure used 

i t r  t! le c l o s e d  waveguide problem ( F i g .  2 ) .  To s o l v e  the  c losed  gu ide  equa t ion ,  

i m t d n  (,2.19), a f u n c t i o n  i s  chosen t o  have: 

a) po les  a t  B,, m = 1,2 ,..., Po, --Po, v m ,  m = 1,2 ,... 
b) zeros a t  T p = 1, 2,.  . . 

P ’  

c) asympto t i c  behav io r  as (w l - ’ ,  v > 0,  as  I w I  + 00 

A c .  i i i  t h e  open case, v depended on the  edge c o n d i t i o n .  For  t h e  c losed  case 

H ( h i )  i s taken t o  be 
C 

(3.1) 

I ~ ~ P I - ?  !r (w,-r) 

t i v e l y ,  i n  the  express ion f o r  II (w ,B)  

and 11 (w,q) a r e  o b t a i n e d  by r e p l a c i n g  b by  a and c ,  respec- 

(see 2.24),  and g (w) i s  chosen t o  g i v e  
C 
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p r o p e r  asympto t i c  behav io r  o f  H ( w ) .  
C 

Equat ion (3.1) admi ts  an a1 t e r n a t e  r e p r e s e n t a t i o n  

where: 

a) F l (y )  has s imp le  zeros at%, n = 1 ,  2, ... 
b) F2(y) has s imp le  zeros a t @  n = 1 ,  2, ... 
c) F i  = dF l /d r ,  F; = dF,/dy 

d) C i s  t h e  con tou r  shown i n  F i g .  4, 

c y  

"Fig.  4. Contour used i n  the i n t e g r a l  r e p r e s e n t a t i o n  of  R (w) 
C 
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Fl(y) and F (y) may be i d e n t i f i e d  w i t h  the  f u n c t i o n s  wh ich  when s e t  2 

t o  zero, r e s u l t  i n  the  c h a r a c t e r i s t i c  e q u a t i o n s f o r  t h e  reg ions  A and C ( o r  D ) ,  

r e s p e c t i v e l y  (see F i g .  2 ) .  I n  t h i s  p a r t i c u l a r  problem 

F , w  = (3.4) 

A s  we s h a l l  see s h o r t l y ,  the  p a r t i c u l a r  form o f  r e p r e s e n t a t i o n  i n  

(3.3) i s  u s e f u l  i n  d e r i v i n g  H(w) by  t a k i n g  t h e  l i m i t  o f  R (w) as  a +- 00, 
c + 0 0 ,  a - c = b. Another  impor tan t  remark i n  connect ion  w i t h  (3.3) con- 

cerns  i t s  g e n e r a l i t y ,  i n  t h a t  i t  a p p l i e s  t o  seve ra l  o t h e r  geometr ies i n v o l v i n g  

t h e  j u n c t i o n  o f  a s e m i - i n f i n i t e  waveguide t o  another  i n f i n i t e  gu ide  o f  l a r g e r  

dimensions. I t  i s  found t h a t  i n  these cases t h e  form o f  (3.3) remains un- 

changed. 

F1 (y) and F (r) , a p p r o p r i a t e  f o r  t h e  p a r t i c u l a r  geometry under c o n s i d e r a t i o n .  

The l a s t  p o i n t  i s  d iscussed f u r t h e r  i n  Sec t i on  4. 

C 

One needs o n l y  t o  s u b s t i t u t e  t h e  c h a r a c t e r i s t i c  express ions  for 

2 

Return ing  t o  the  problem a t  hand, we r e c a l l  t h a t  i n  Sec t i on  2, i t  

was d iscussed i n  connect ion w i t h  (2.19) t h a t  t h e  d i s c r e t e  p ropaga t ion  con- 

s t a n t s  7 

such t h a t  a - c = b i s  ma in ta ined.  T h i s  suggests t h a t  i n  t h e  open case we 

choose 

and T approach a continuum go ing  f r o m  @ t o  i n f i n i ' t y  as a ,  c +  co, 
m P 0 - 

where 



. 
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and g(w) i s  determined by s a t i s f y i n g  t h e  requi rement  on t h e  a s y m p t o t i c  behav io r  

o f  H(w) . a l o n g  t h e  upper and 

lower p o r t i o n s  o f  t h e  C p a t h  i n  the complex p l a n e  and r e a r r a n g i n g  t h e  r e s u l t s ,  

one o b t a i n s  f rom (3.3) and (3.7):  

Tak ing t h e  l i m i t s  of the r a t i o s  F;/Fl and F ' /  F 
2 2  

T h i s  may be i n t e g r a t e d  t o  g i v e  

2 2 and t h e  branch o f  J ( k  + w ) i s  chosen t o  g i v e  t h e  branch p o i n t  o f  R1(w)  a t  
0 

The f u n c t i o n  g(w) i n  (3.7) i s  employed t o  g i v e  the  p r o p e r  asympto t i c  

form o f  H(w) .  To i n s u r e  t h a t  the f u n c t i o n  9 behaves as  r 1 l 2  as  t h e  edge o f  t he  

-3/2 
gu ide i s  approached r e q u i r e s  t h a t  H(w) have a l g e b r a i c  behav io r ,  namely w , 

a t  t h e  p o i n t s  -@, o r  a long  the  curve t r a c e d  o u t  by -z as a v a r i e s  ove r  t h e  

con tou r  C, i n  eq. (2 .3) ,  S e c t i o n  2. 

s t u d y i n g  e i t h e r  t h e  behav io r  o f  the r e f l e c t i o n  c o e f f i c i e n t  B [Hurd, op. c i t . ]  

T h i s  asympto t i c  behav io r  i s  deduced by 

m 

f o r  l a r g e  m o r  t h e  behav io r  o f  A(O!) [Noble, op. 

v e r i f y  t h a t  t h e  edge c o n d i t i o n  requ i res  t h a t  cho 

where: 

c = E u l e r ' s  cons tan t  = 0.5772.. . e 

C = unknown cons tan t  
0 

i t . ]  f o r  l a r g e  a. One can 

ce f o r  g(w) t o  be 

( 3 .  lo)  
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The r e f  o r e  

where: 

(3.11) 

(3.12) 

The cons tan t  p a r t  of  R 1 ( w ) ,  namely e x p ( j  kob/2) has been i n c l u d e d  i n  Co . 
I t  may be v e r i f i e d  t h a t  t h e  f u n c t i o n  H(w) g i v e n  i n  eq. (3.11) has 

-3/2 asympto t i c  behavior  o f  ( w I  
l y  i n  t h e  lower h a l f  p l a n e  f o r  l a r g e  w.  A t  any r a t e ,  i t  s a t i s f i e s  t h e  condi-  

t i o n s  t h a t  i t  goes t o  ze ro  f o r  l a r g e  I w I  a t  l e a s t  as I w I  -3/2 
t h e  c o e f f i c i e n t s  f3 and t h e  f u n c t i o n  A(@ d e r i v e d  from i t  conform t o  t h e  

i n  t h e  upper h a l f  p l a n e  and decays e x p o n e n t i a l -  

and f u r t h e r  t h a t  

m 

a s y m p t o t i c  behavior  r e q u i r e d  by the  edge c o n d i t i o n .  

T h i s  completes t h e  d i s c u s s i o n  o f  t h e  procedure f o r  c o n s t r u c t i o n  o f  

t h e  f u n c t i o n  H ( w ) .  

4 A p p l i c a t i o n  t o  o t h e r  geometr ies 

We s h a l l  b r i e f l y  d i scuss  c e r t a i n  o t h e r  c o n f i g u r a t i o n s  t o  wh ich  t h e  

procedure i l l u s t r a t e d  above i n  t h e  case o f  an open-ended waveguide problem i s  

a p p l i c a b l e .  The key t o  t h e  genera l  approach i s  t h e  r e c o g n i t i o n  of t h e  f a c t  

t h a t  t h e  s o l u t i o n  o f  t he  open r e g i o n  problem i s  d e r i v a b l e  as a l i m i t  o f  t h e  
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c losed  r c g t o n  problem u s i n g  an approp r ia te  l i m i t i n g  procedure,  

t h e o r e t i c  technique the  l i m i t i n g  procedure i s  a p p l i e d  t o  t h e  f u n c t i o n  Mc(w). 

The res idues  o f  H(w) eva lua ted  a t  t he  s i n g u l a r i t i e s  of  t h i s  f u n c t i o n  a r e  

On the function- 

i d e n t i f i e d  w i t h  the  unknown mode c o e f f i c i e n t s  i n  the  a p p r o p r i a t e  reg ions  

( reg ions  B and C f o r  ins tance i n  the  coupled waveguide problem shown i n  F ig .  2), 

and t h a t  H(w) i t s e l f  eva lua ted  a t  c e r t a i n  o t h e r  p o i n t s  I n  t h e  w-plane y l e l d s  t h e  

mode c o e f f i c i e n t s  f o r  t he  remaining 

There a r e  numerous c losed 

app 1 i c a t i o n  o f  the  f u n c t i o n -  theore t  

i n f i n i t e  cy  

b o t h  hav ing  

reg ion ,  v i t . ,  r e g i o n  A i n  F i g .  2. 

waveguide problems wh ich  a r e  s o l v a b l e  b y  an 

c technique.  Consider f o r  ins tance a s e m i -  

i n d r l c a l  waveguide opening i n t o  a l a r g e r  cy 

a common a x i s .  The geometry o f  t h e  problem 

i n d r  I ca 1 waveguide, 

i s  shown i n  F ig .  Sa. 

F ig .  5, C y l i n d r i c a l  waveguide problems t o  wh ich  the  
f u n c t i o n - t h e o r e t i c  technique i s  a p p l i c a b l e  

The problem assoc ia ted  w i t h  t h i s  geometry is s o l v a b l e  by an a p p l i c a -  

t i o n  o f  a procedure i d e n t i c a l  t o  the  one used f o r  t he  p a r a l l e l  p l a n e  waveguide 

c o n f i g u r a t i o n .  Expanding the  f i e l d s  in t h e  v a r i o u s  reg ions  i n  terms o f  t h e  

a p p r o p r i a t e  mode f u n c t i o n s ,  and app ly ing  the  c o n t i n u i t y  o f  the  f i e l d s ,  i t  i s  

p o s s i b l e  t o  o b t a i n  an e q u a t i o n  having a form e x a c t l y  s i m i l a r  t o  (2.19). Thus 
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t h e  form of  H (w) g iven i n  (3.2) remains unchanged and consequent ly  R (w) ap- 

p e a r i n g  i n  (3.3) a l s o  remains unchanged except  f o r  t he  f a c t  t h a t  t h e  f u n c t i o n s  

F1(y )  and F (y) now correspond t o  the  c h a r a c t e r i s t i c  f u n c t i o n s  a s s o c i a t e d  w i t h  

t h e  regionsA and C, r e s p e c t i v e l y ,  o f  t h e  c y l i n d r i c a l  and c o a x i a l  waveguides o f  

F i g .  5a. Thus one has 

C C 

2 

and 

(4.2) 

R e c a l l  t h a t  t h e  zeros o f  F (y) and F (y) a r e  t h e  e igenvalues corresponding t o  

t h e  reg ions  A and C r e s p e c t i v e l y .  I t  i s  assumed i n  w r i t i n g  (4.1) and (4.2) 

t h a t  t h e  s c a l a r  p o t e n t i a l  9 i s  c i r c u l a r l y  symmetric and t h a t  i t  s a t i s f i e s  t h e  

D i r i c h l e t  c o n d i t i o n  on t h e  w a l l s .  However, t h e  presence o f  an az imuthal  v a r i -  

a t i o n  o r  t h e  i n t r o d u c t i o n  o f  Neumann o r  mixed t ype  boundary c o n d i t i o n s  p r e s e n t  

no a d d i t i o n a l  d i f f i c u l t i e s .  

1 2 

To c o n s t r u c t  t h e  f u n c t i o n  H(w) a p p r o p r i a t e  f o r  t h e  open-ended 

c y l i n d r i c a l  waveguide problem shown i n  F i g .  Sb, one aga in  makes use o f  t he  

l i m i t i n g  procedure d iscussed i n  Sec t i on  3. S u b s t i t u t i n g  (4.1) and (4.2) i n  

t h e  i n t e g r a l  r e p r e s e n t a t i o n  (3.3) f o r  R ( w ) ,  one approaches t h e  l i m i t  a , c  +- 00, 
w i t h  a - c = b. The r e s u l t i n g  exp ress ion  f o r  R(w) i n  t h i s  case i s  

C 

where 

(4.3) 

Comparison o f  (3.8) w i t h  (4.3) r e v e a l s  t h a t  t h e  l a t t e r  i s  somewhat more i n v o l v e d  

because of  t he  presence of  t he  f u n c t i o n  f(r)  i n s i d e  t h e  i n t e g r a n d .  The 
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' c o r r e s p o n d i n g  f u n c t i o n  i n  the  p a r a l l e l  p l a n e  waveguide i s  s imp ly  a cons tan t ,  

v i z . ,  b. 

Equat ion (4.3) cannot be i n t e g r a t e d  i n  a c losed  form as  was p o s s i b l e  

w i t h  ( 3 . 8 ) ,  However, the  f o l l o w i n g  o b s e r v a t i o n  may be made i n  regard  t o  t h e  

2 2  e v a l u a t i o n  of R(w) .  One may v e r i f y  t h a t  f ( y ) s b  3. O(l/y b ) l a r g e  y b  and i n  

f a c t  t he  d e v i a t i o n  from t h i s  asympto t ic  v a l u e  i s  smal l  even f o r  moderate va lues  

of .  y b .  

For t h e  purposes o f  numer ica l  computat ions,  one may rearrange (4.3) 

u s i n g  (3.8) and (3.9)  and w r i t e  i t  i n  t h e  fo rm 

where t h e  cons tan t  M i s  chosen on t h e  b a s i s  o f  some accuracy c r i t e r i o n  one m igh t  

s e t  i n  connect ion  w i t h  the  i n f i n i t e  i n t e g r a l  (4 .3 ) .  

The above d i s c u s s i o n  b r i n g s  ou t  a s t r o n g  s i m i l a r i t y  between the  

c y l i n d r i c a l  and p a r a l l e l  p lane  waveguide problems t h a t  may n o t  be apparent  w i t h -  

o u t  a c l o s e  l ook  a t  these problems. 

Another  problem wh ich  belongs t o  the  same ca tegory  a s  the  two examples 

d iscussed above i s  t h a t  o f  a sur face  wave launcher  shown i n  F i g .  6b. A l s o  t h e  

assoc ia ted  c losed r e g i o n  problem i s  shown i n  F ig .  6a. 
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C 

F 
6 a  6 b  

F i g .  6. Surface Wave Launcher and a s s o c i a t e d  closed region problem 

c 

The f o r m u l a t i o n  and s o l u t i o n  o f  t h i s  problem f o l l o w s  a l o n g  l i n e s  

e x a c t l y  p a r a l l e l  t o  the  ones d iscussed above. 

one i s  a b l e  t o  d e r i v e  an equa t ion  corresponding t o  (2.19).  

Once more f o r  t h e  c l o s e d  problem 

The q u a n t i t i e s  I3 I s ,  m 

I s  and ‘t ‘ s  a re  aga in  assoc ia ted  w i t h  p r o p a g a t i o n  cons tan ts  i n  reg ions  B,  C 
%l P 

and A, r e s p e c t i v e l y .  One i s  a l s o  a b l e  t o  c o n s t r u c t  an i n t e g r a l  r e p r e s e n t a t i o n  

o f  Rc(w) and d e r i v e  R(w) as  t h e  l i m i t i n g  case. 

and F (y) a r e  the c h a r a c t e r i s t i c  exp ress ions  p e r t a i n i n g  t o  t h e  reg ions  A and C 

and a r e  eas i  l y  d e r i v a b l e  (see f o r  i n s t a n c e  C o l l i n ,  1960). An e x t e n s i v e  s tudy  

o f  t h i s  p rob lem has r e c e n t l y  been completed by Bates [1965] who has used t h e  

Wiener-Hopf technique. He employs a f a c t o r i z a t i o n  procedure based on t he  so lu-  

t i o n  o f  t h e  c losed r e g i o n  problem f o l l o w e d  by a l i m i t i n g  process.  For  f u r t h e r  

d e t a i l s ,  t h e  i n t e r e s t e d  reader i s  d i r e c t e d  t o  t h e  reference c i t e d  above. Be fo re  

c l o s i n g ,  we s h a l l  b r i e f l y  r e f e r  t o  some r e l a t e d  problem which s t r i c t l y  speaking 

do n o t  conform t o  t h e  Wiener-Hopf geometry, and t o  wh ich  t h e  p r e s e n t  method may 

be a p p l i e d  w i t h  a s u i t a b l e  m o d i f i c a t i o n .  Two such problems a r e  shown i n  F i g .  7. 

A s  b e f o r e  t h e  f u n c t i o n s  F (r) 1 

2 
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F i g .  7. Geometry o f  r e l a t e d  problems. 

F i r s t  cons ide r  the  problem o f  ' d i f f r a c t i o n  by a t h i c k  h a l f - p l a n e .  

A l though  we have n o t  d iscussed i t  here,  t h e  problem o f  d i f f r a c t i o n  o f  a p l a n e  

wave by a p a r a l l e l  p l a n e  guide may be handled i n  much t h e  same manner by  t h e  

method- desc r ibed  i n  Sec t i on  2. From t h e  knowledge o f  t h i s  s o l u t i o n  one may 

then  develop t h e  s o l u t i o n  o f  t h e  t h i c k  h a l f - p l a n e  problem by employing a 

g e n e r a l i z e d  s c a t t e r i n g  m a t r i x  approach. Fo r  a d i s c u s s i o n  o f  t h i s  method r e f e r  

t o  Pace and M i t t r a  [op. c i t . ] .  The above r e f e r e n c e  shows how a r a p i d l y  con- 

v e r g i n g  s e r i e s  s o l u t i o n  may be developed f o r  such problems. 

S i m i l a r  remarks h o l d  f o r  t h e  c y l i n d r i c a l  waveguide geometry r a d i a t i n g  

i n t o  a plasma medium. Once again, one m igh t  p r o f i t a b l y  employ t h e  g e n e r a l i z e d  

s c a t t e r i n g  m a t r i x  approach t o  solve t h i s  problem. D e t a i l e d  d i s c u s s i o n  o f  these 

problems i s  beyond t h e  scope o f  t h i s  paper .  However, i t  i s  p l i n n e d  t o  p r e s e n t  

t h e  a n a l y s i s  o f  numerous such problems i n  a f u t u r e  p u b l i c a t i o n .  

We m igh t  no te  i n  pass ing t h a t  t h e  p a r t i c u l a r  method o f  p a r t i t i o n i n g  

t h e  ge0metr.y i n t o  v a r i o u s  regions, e.g. A, B y  C and D (see f o r  i n s t a n c e  F i g .  1) 
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i n  the present approach provides a convenient a t tack  of the problems shown i n  

F i g .  7 ,  where one o f  the basic regions a r e  modified i n  some manner. 
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